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Abstract. We consider the canonical map from the Calogero-Moser 
space to symmetric powers of the affine line, sending conjugacy classes of 
pairs of n x n-matrices to their eigenvalues. We show that the character 
of a natural C*-action on the scheme-theoretic zero fiber of this map is 
given by Kostka polynomials. 

1. Introduction 

1.1. The aim of this paper is to prove a refined version of Conjecture 17.14 
of [EG]. To explain our result, recall the so-called Calogero-Moser space 



C n , a 2n-dimensional complex algebraic manifold introduced by Kazhdan- 
Kostant-Sternberg [ KKS |, and studied further by G. Wilson [|W|. It is de- 



fined as C n '. — CA/f rt //PGL n , the quotient by the natural (free) conjugation- 
action of the group PGL„ on the set 

CM n := {(X,Y) E Mat n x Mat n | [X, Y] + Id = rank 1 matrix}. (1.1) 

Let denote the set of unordered n-tuples of complex numbers. The 
assignment (X, Y) i— > (Spec(X) , SpeciY)^ , sending a pair of n x n-matrices 
to the corresponding pair of n-tuples of their eigenvalues gives a map p : 
C n -► AW x AW. The zero fiber f> _1 (0,0) of this map is formed by the 
conjugacy classes of nilpotent pairs (X,Y) G CM n . This fiber is known to 
be a finite set labelled naturally by partitions of n. Given such a partition 
A, let p~ 1 (0,0)\ be the corresponding point in the zero fiber. 

The Conjecture 17.14 of |EGj] states that, for any partition A, the corre- 
sponding point in the (scheme-theoretic) zero fiber of p comes with multi- 
plicity equal to (dimVx) 2 , where V\ is an irreducible representation of the 
symmetric group S n attached to the partition A in the standard way, see Q . 

1.2. In the present paper we propose and prove the following (/-analogue 
of the above conjecture. Observe that the complex torus C* acts naturally 
on CM n by z : (X, Y) h-> (z' 1 ■ X , z ■ Y) , Mz G C*. This C*-action descends 
to the Calogero-Moser space C n and preserves the zero fiber p _1 (0, 0). Now 
given A, a partition of n, let p -1 (0, 0)^ be the corresponding irreducible com- 
ponent of the zero fiber viewed as a non-reduced scheme (set theoretically 
concentrated at one point). The C*-action keeps theese points (set theoret- 
ically) fixed hence, for each A, induces a C*-action on the coordinate ring 
of the scheme p -1 (0, 0)\, a finite dimensional vector space. The character 
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of this finite dimensional C*-module may be viewed as a Laurent polyno- 
mial ch\ G Jj\q,q~ 1 ]. Now, recall that for each partition A one defines the 
Kostka polynomial K\{q) € Z[g] which is a certain q-analogue[|] of dimVx, 
the dimension of the corresponding irreducible ©^-representation, see e.g. 
(§111.6). 

Our result reads 

Theorem. For any partition A (of n), we have: ch\ = K\(q) ■ K\(q~ l ). 

1.3. This result has a natural generalization to other finite complex reflec- 
tion groups W in a vector space rj. In more details, in [EG] the authors 



associate to a pair (f), W) a Calogero-Moser space C\y together with a finite 
map p : Cw — ► fj/W x fj/W. In the special case rj = C n and = © n , the 
space Cvk reduces to the variety C n , and the map p : Cw — > f)/W X f)/W 
reduces to the map p : C„, — > A^ n ) x A(™) considered above. 

More generally, in this paper we will consider the case where f) = C n 
and W = r ~ 6 n is a wreath product of £> n and V — Z/iVZ, a cyclic 
group of some fixed order N (thus, W = & n x (Z/iVZ) n ), acting naturally 



in t). It has been proved in [EG] that the corresponding Calogero-Moser 
space Cr,n := Cw is a smooth affine algebraic variety isomorphic to a certain 
Nakajima's Quiver variety for a cyclic quiver. 



The Conjecture 17.14 of [EG| says that the reduced fiber of p over (0, 0) £ 
t)/W x \}/W can be identified with the set Irrep(W^) of isomorphism classes 
of irreducible representations of W, and the multiplicity of the point in this 
fiber corresponding to p G Irrep(VF) equals (dimp) 2 . 

It is well known that the irreducible T ~ 6 n -modules are naturally 
parametrized by the set ^Pr(^) of repartitions of n, see e.g. (@, Part I, 
Appendix B). Here T v is the set of irreducible characters of T, and a T v - 
partition A is a collection (A x , x € T v ) of ordinary partitions such that 
J2 X \^x\ = n - -^ ^ s known that the points of reduced fiber of Cr, n over (0, 0) 
are also naturally numbered by ^Pr( re ) (in case of trivial V it was proved 



in [ W ] , and in the general case in |K2(| ) . By abuse of notation we will denote 



the point in the fiber corresponding to A G ^Pr( re ) by A as well. 

1.4. The cyclic Calogero-Moser space Cr,n has a natural C*-action, such 

c* 

that its fixed point set C coincides with the reduced zero fiber. We consider 

- 1 r,n 

the character of induced C*-action in the Artin coordinate ring Oa of the 
component p _1 (0, 0)a of the fiber concentrated at the point A € C^ n . 

1.5. For an arbitrary cyclic group V = Z/A^Z and A € ^Pr(n), we introduce 
a polynomial K\{q) € Z[q] which is a g-analogue of dim Va, the correspond- 



ing irreducible T ~ © n -module, see 5.4, and prove the following 



Theorem. The character of C* -module 0a equals Kj^(q) ■ K\(q x ] 



In the main body of the paper we use a minor modification of the standard K\(q). 
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1.6. Our proof is a straightforward application of the remarkable work [ W] . 
G. Wilson has studied the reduced fibers of the second projection p2 : C n — > 
and identified them as certain products of Schubert cells in Grassman- 
nians. His results reduce our problem to some classical computations in 
Gr assmannians . 

One ingredient in the proof of Theorem |1.4| is a relative Drinfeld com- 
pactification C n of the Calogero-Moser space C n (such that the projection 
P2 extends to the proper projection p2 : C n — > A^, see [2.5D and its cyclic 



version, see 5.3. Though it enters our proof only at some technical point, 



we believe that C n is a very interesting object in itself. 

The space C n was, in fact, implicitly introduced in [|W| where Wilson 
studied the embedding of C n into the adelic Grassmannian Gr a ^ (the cyclic 
version of this embedding is studied in [BGK|]). Wilson constructed a set- 
theoretic partition Gr a ^ = UfcgN^™- However, it turns out that the union 
Uo<fc<n can n °t De equipped with the structure of an algebraic vari- 
ety. The algebraic variety C n has, on the other hand, a natural partition 
Cn = Uo</c<n^fc x A( n-fe ), see 2.6 , into smooth locally-closed strata (similar 



in spirit to the stratification used in jKlJ ) and may be viewed as an alge- 
braic 'resolution' of |_lo<fc<n^fc' a nonalgebraic substack of Gr a ^. The name 
" Drinfeld 's compactificatiori 1 is suggested by a close analogy with Drinfeld's 



quasimap spaces, cf. [Kl |. 



In 2.7 we propose an alternative conjectural definition of C n as a step 



towards its generalization for other Nakajima quiver varieties. 

1.7. Acknowledgments. We are deeply obliged to A. Kuznetsov for very 
useful discussions and comments. M.F. is grateful to the University of 
Chicago for the wonderful working conditions, and to V. Vologodsky for 
patient explanations of the trivia of intersection theory. This research was 
conducted by M.F. for the Clay Mathematics Institute. 

2. Wilson's embedding into a relative Grassmannian 

2.1. The Calogero-Moser space. Fix a positive integer n and consider 
the space CA4 n defined in (1.1). Then CA4 n is smooth, and the action of 
PGL n by the simultaneous conjugation is free (see ||W||). The quotient space 
n is a 2n-dimensional smooth affine algebraic variety, the 
Calogero-Moser space. For n = we define Cq to be a point. 

Recall that A< n ) := A n /6 n . The assignment Y t— > Spec(Y), sending 
a matrix Y G Mat n to the n-tuple of its eigenvalues viewed as a finite 
subscheme of A 1 given by zeros of the characteristic polynomial of Y, yields 
an isomorphism of algebraic varieties: Mat n //PGL n A^ (where 
Mat n //PGL n denotes the categorical quotient). The second projection 
CM n —> Matn, (X,Y) h-» Y, descends to the projection n n : C n — > A^ n ). 
Wilson has determined all the reduced fibers of ir n . Namely, he constructed 
an embedding of any fiber into a certain product of (finite dimensional) 
Grassmann varieties, and identified the image with a union of products of 
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certain Schubert cells. Let us formulate his results more precisely. Till the 
end of this section fiber means reduced fiber, and we write 7r^ 1 (— ) instead 

( ) reduced" 

2.2. Theorem. (Wilson, |W|], 7.1) Suppose a divisor D = D\ + D 2 £ A( n ) 
is a sum of divisors D\ £ A^ m \ D 2 £ with disjoint supports. Then 
there is a canonical isomorphism 7r, n ^ 1 (L>) ~ 7r rra 1 (Di) x -k^ 1 (D2). 

We will refer to this result as the factorization property of the projection 
7r n (or rather of the collection of maps ir n over n £ N) . 

2.3. In view of the above theorem, in order to describe an arbitrary fiber of 
7r n , it suffices to describe the fiber over the principal diagonal, -K~ l {ny), y £ 
A 1 . To this end, consider the polynomial algebra C[z] and, for any y € C 
write m y = (z — y) ■ C[z] for the corresponding maximal ideal. Let Gr(n, y) 
be Grassmannian of n-dimensional subspaces in the vector space C[z]/my n . 
The vector space C[z]/m 2n comes equipped with a distinguished complete 
flag 

C m* n - l /m* n C mf- 2 /m„ 2n C . . . C m^/mf C C[z]/m 2n 

(quotients of ideals). This flag defines the Schubert stratification of Gr(n, y). 
Let Sch n (y) C Gr(n, y) denote the locally closed subvariety formed by all 
the Schubert cells of dimension n. 



Theorem. ([W], 6.4) There is a canonical isomorphism Tt n l {ny) ~ 
Sch„(y). 

2.4. Wilson also describes the way the above fibers glue together. In order 
to formulate his result, we recall that hS- n > may be viewed as the space of all 
codimension n ideals / C C[z], and introduce the following definition 

Definition. The relative Grassmannian Q n is the space of pairs (/, W) 
where / C C[z] is a codimension n ideal, and W C C[z]/I 2 is an n- 
dimensional linear subspace. 

Clearly, Q n is a quasiprojective variety equipped with a projection i: n : 
Q n -» A< n ) , (I, W) i — ^ I. For any I £ A^ we have: ^(I) ~ Gr(n,2n). 

Wilson considers an open subset C'^ C C n formed by the (conjugacy 
classes of) pairs (X, Y) such that Y is diagonalizable and has pairwise dis- 
tinct eigenvalues. Each element in C' n g has a unique representative of the 
form Y = diag(y%, . . . ,y n ), X = \\xij\\, with Xy = (yi - yj)' 1 , for i ^ j, 
and xa = o<i. To the n-tuple (y\, ... ,y n ) we associate the n-tuple of lines 
Wi = (l — cti(z — yi)) C C[z]/m^ n , i = 1,... ,n, in the corresponding 
2-planes. Wilson defines an embedding : C'^ — > Q n by the formula 
(3 : (X, Y) i-> (I, W) where I = (z — yi) ■ . . . ■ (z — y n ), and W is set to be a 
direct sum of the lines Wi, that is: 

I = my, ■ . . . ■ m yn , W = ®iWi C C[z}/I 2 = C[z]/tn£ © . . . © C[z]/m y 2 n . 
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Theorem. (Wilson, [jwj], 5.1) (i) The map j3 extends to an embedding 
(3 : C n ^ Q n commuting with the projections 7r n ; 

(ii) Given D = Y! k =i n kVk 6 A^ n ) and C G ir-\D) C C n write C = 
(Wi,... , Wj), Wfc E Sch nk {yk). Then, under the natural identification 

2.5. Drinfeld relative compactification. We define C n C Q n as the clo- 
sure of f3(C n ) or, equivalently, of (3{C'^). Specifically, consider the open 

stratum of the diagonal stratification A^ n ) C A^ n ) formed by all the n- 
tuples of pairwise distinct points. Consider the locally closed subvariety 
C'n C tt-^AW) c Q n formed by all the pairs 

r(l,W) | I = m yi -...-m yn , W C C[z]/I 2 = 

I C[z]/m^ . . . C[z]/m 2 J, such that W n (C[z]/m 2 ) ^ 0, Vi. 

Thus, W is a direct sum of lines Wi C C[z]/m 2 . . 

Definition. The Drinfeld compactification C n C <5 n is defined as the 
closure of C„ in Qn- The restriction of 7r n : £/ n — > A*™) to C„ is also denoted 
by 7r n . 

Clearly, 7r n : C n — » A*™) is a projective morphism. 

2.6. Twist by a divisor. The rest of this section will not be used elsewhere 
in the paper but it helps to understand better the structure of C n . 

For < k < n we will define a map twisty : C k x A*™"^ — > C n (twist 
by a divisor). To this end, given an ideal I C C[z] of codimension n — k, 
and (J, W) E Cj., take the preimage of W under the natural projection 
C[z]/IJ 2 -► C[z]/J 2 , and let W C I /I 2 J 2 C C[z]// 2 J 2 correspond to 
this preimage under the natural identification I /I 2 J 2 ~ C[z]//J 2 . We set 
twist fe ((J,W),7) :=(JJ,W)- 

From now on we will identify C n with its image (3{C n ) C C n C Q n . Given 
y € A, write Sch m (y) C Gr(m, C[z]/m^ m ) for the union of Schubert cells of 
dimension < to. Wilson's theorem |2.4| immediately implies the following 

Theorem, (i) Let D = ELi™*^ g A(?l) - T/ien ^G ) C C n 
equals Ylk=i Sch rafc (y/t). Specifically, under the natural identification 
Cj2]/nU<' = ©LiCN/m 2 ^, a poM W fc G 

Sch„ fe (y fc ), corresponds fo_0 fc=1 W k . 

(ii) C n \ C n = twist™__ 1 (C n -i x A 1 ), where the RHS is a closed subvariety. 

(iii) C n is a disjoint union of the locally closed subvarieties: 

Cn=Ul =1 twist£(C fc xA("- fe )). 

Part (i) implies, in particular, that the map 7r n : C n — > enjoys the 
factorization property. 
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2.7. Remark. One would like to find a construction of C n in the ordinary 



Calogero-Moser setup of 2.1, avoiding the use of adelic Grassmannian. Here 
is a conjectural definition. Recall that CA4 n C Mat n x Mat n is a smooth 
closed subvariety. Now Mat n can be viewed as an open subset of Gr(n, 2n) via 
identifying a matrix X with the graph Wx C C n © C n of the corresponding 
linear map C n — > C n . Let CM' n be the closure of CM n in Gr(n, 2n) x Mat n . 
The group GL n acts on CM' n naturally: g(W, Y) = (gW^Yg- 1 ). Let C' n 
be the GIT quotient of CM.' n with respect to GL ra . 

Question. Is there an isomorphism C' n ~ C n which is the identity on the 
common open subset C' n D C n C C n ? 

3. C*-action on Schubert cells 

3.1. Write Gr(n) instead of Gr(n, 0) for the Grassmannian of n-dimensional 
subspaces of C[z]/(z 2n ). We have the standard complete flag in C[z]/(z 2n ) 
(see ^): 

C m^-Vm* 1 C m 2n - 2 /m 2n C...C m y /m 2n C C[z]/m 2n 

Recall that Sch n C Gr(n) is a disjoint union of the n-dimensional cells, 
which are known to be exactly the cells Sch^ numbered by the set ^3(n) of 
partitions of n. In more detail, given a partition A = (1%, . . . , l n ), < l\ < 
. . . < l n , l\ + ... + /„ = n, we have 

Sch\ = {W G Gr(n) | dim(W n (m 2 ) n ~' i ~7m 2 , n )) = i , V* = 1, . . . , n}. 

The multiplicative group C* acts on C[z] by (c, z l ) \— > c~ l z l . This action 
induces a natural action on ScY\\ C Gr(n) contracting this Schubert cell 
to the unique fixed point W x := (z 2 ™^ 1 " 1 , z 2n - h - 2 , . . . ,z 2n ~ l "- n ). The 
tangent space T^Sch^ at the point W\ is naturally isomorphic to 

Hom{Cz 2n - l ^- x ,[z 2n - 1 ,... ,z 2n ~ h )) x 

Hom(Cz 2n ~ l2 ' 2 ,(z 2n -\... ,z 2 ^ 1 \... ,z 2n - h - 1 )) x ... x 

Hom(Cz 2n - l "- n , (z 2n '\ ... , z 2 ^^ 1 , ... , z 2 ^-^ . . . , ^n-ln-n+l^ 

where "~ means omission of an element. From this we read off easily the 
character of C* on T\y x Sc\r\\. Specifically, write h\(u) for the hook length of 
a box u in the Young diagram attached naturally to a partition A. Below, 
we use the notation q l for the character C* — > C* , c i— > c l , and write chV 
for the character of a finite dimensional C*-module V. 

3.2. Lemma. We have: ch (T Wx Sch x ) = YlueX Q~ hx{u) - a 

4. NlLPOTENT EXTENSIONS OF SCHUBERT CELLS 

4.1. Recall the map ir n : C n — > , (X, Y) \— > Spec(Y). Denote this map 
by;?2> and similarly, consider the other projection p\ : C n —* A^™) , (X, Y) i— > 
Spec(X). Note that there is an involution to on C n such that w : (X, Y) i— > 
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(Y t ,X t ), and we have: pi = P2 ° u>. Let p = (pi,P2) stand for the simulta- 
neous projection (pi,P2) '■ C n — ► A^ n ) x A( n ). To distinguish between the 
two copies of A^) we will use the notation p : C n — > A^ x Ag . According 
to [EG], the map p is a finite morphism. 

The scheme theoretic fiber p^" 1 (0) is a disjoint union of schemes p 2 ^ 1 (0)a 
such that the underlying reduced scheme is ScriA, to be denoted Sch| from 
now on. Similarly, the scheme theoretic fiber p^{0) is a disjoint union of 
schemes Pi(0)\ such that the underlying reduced scheme is denoted by 

schi. 

Our goal is to compute the scheme theoretic fiber p 1 (0,0). It is well 
known that the corresponding reduced scheme is a disjoint union of points: 
the C*-fixed points of Sch* (or equivalently, Sch^). Abusing the language 
we will denote the C*-fixed point of Sch| by A; thus Sch A n Sch| = A. 
We will denote the connected component of p _1 (0, 0) concentrated at A by 
p- 1 (0,0) A . 

Note that p _1 (0, 0)\ is the fiber over G A^ with respect to the projec- 
tion pi : p^ 1 (0)a — ► A^. Our first step will be to compute the fiber over 
G A^ with respect to the projection p\ : Sch| — ► Aj™\ 

4.2. Recall that the Kostka polynomial associated to a Young 
diagram A is a polynomial in the variable t q > given by the formula: 
q m ^(l-q)...(l-q n )T\ (1 - ^W)" 1 , where m(A) is a certain 

positive integer, see (Q, page 243, Example 2). This is a ^-analogue of 
the dimension dim V\ of the irreducible representation V\ of the symmetric 
group & n . We will consider a version of Kostka polynomial with the lowest 
term equal to 1, that is, we put 

K x (q) := (1 - q) . . . (1 - q n ) (J^l - . 

Proposition. We have: 

chO{Schl np^(0) x ) = K x (q) and ch 0(Sch\ n pj 1 ^)*) = ^A^ 1 ) • 

Proof. The two formulas are analogous, so we only prove the first one. 
We compute the geometric fiber of the sheaf (pi)*0(Sch 2 x ) at the point 

G A^ } . This is a locally free coherent sheaf, that is a (trivial) vector 
bundle, so to compute the character of its geometric fiber at it suffices 
to know the character c/iO(Sch|) of its space of global sections, and the 

character of O(A^). Now we pass to the formal completions at and A. 

(n) 

Thus, we are reduced to finding the characters of tangent spaces TqA\ and 
T\Sch|\ The former character equals 1 + q -1 + . . . + q~ n , while the latter 
character was computed in the Lemma [T^. We conclude that ch O^n) Q = 

(1 _ q )-i g n)-l 9 and ch 6 Sch 2 xtX = n ueA (l " q^)- 1 - Thus, we get 

chO(Sch\ npi\Q) X ) = chd Schl>x /ch6 A(n) Q = K x (q) . □ 
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4.3. We are going to compute ch 0(p 1 (0, 0)\) along similar lines. To this 
end it suffices to compute the character of the completion chO p ~i^ Q ^ y 

We will prove that chd p -i (0)x X = K^q- 1 ) \[ ueX {l - q h ^)~ 1 . Hence, 
arguing exactly as in the proof of 42 we will be able to conclude that 
chO(p~ 1 (Q,0)\) = Kx(q)K\(q~ 1 ), as required in the Theorem L4. Thus, to 
prove the Theorem it suffices to prove the following 

Proposition. ch6 p -x {Q)xX = K x {q~ l ) ]l ueA (l - 

4.4. We start the proof the Proposition with the following 
Lemma. Sch^ and Sch| are transversal at A. 

Proof. The varieties Sch^ and Sdn\ are smooth of complementary dimen- 
sions. Moreover, the character of T\Sch| is a polynomial in q' 1 without 
constant term, while the character of TxSch^ is a polynomial in q without 
constant term. Hence, these two tangent spaces must have zero intersection, 
and we are done. □ 

Thus the formal completion of C n at A is isomorphic to a product of 
formal completions of Sch^ and Sch| at A. We will denote by pr\ and pri 
the projections arising this way. The fiber over A of the restriction of pr2 
to the formal completion of p^ 1 (0)a equals: pr 2 " 1 (A) = Sch\ n p^ 1 (0)a- 
We already know formulas for chO{Sdn\ fl p 2 1 (C)a) an d c/iC> Sch 2 A , so 
to complete the proof it suffices to show that W2*O p -i^ x A is a (trivial) 
vector bundle on the completion of Sch| at A. To this end it suffices to 
show that the dimension of the generic fiber of (P r 2)*C p -i( ) A a ec l ua l s 
dim0(Sch A Pip 2 ~ 1 (0)\) = d\ (= dimV\). But the dimension of the generic 
fiber equals ni\, the multiplicity of the scheme p 2 1 (0) at the generic point 
of its reduced subscheme Sch|. 

To compute this multiplicity rrt\ we may as well work in the Drinfeld 

— (n) 
compactification C n embedded into the relative Grassmannian Q n over A 2 ■ 

A general fiber p 2 (y) C Gr(n, y) is reduced at the generic point, so m\ is 
the coefficient of the cycle class with respect to the Schubert basis 

{[Sch A ], A G ty(n)} of the degree 2n homology group of Gr„. 

Now recall that a general n-tuple y = (yi,... , y n ) € of pairwise 
distinct points gives rise to a direct sum decomposition CfzJ/m^ • . . . • m^ n 
= 0^ C[z]/m.y., and p 2 ~ 1 (y) C Gr(n,y) is the product of corresponding pro- 
jective lines: p 2 1 {y) = IP 1 x . . . x P 1 c Gr„. It is the classical result of 
Schubert calculus that for the corresponding homology classes one has an 
expansion: [P 1 x . . . x P 1 ] = Yl\ m ^ ' [Sch^], where the coefficients m\ can 
be read off from the formula: p" = Y2\ m A " S A> an expansion of the n-th 
power of the first symmetric function p" with respect to the basis of Schur 
functions s\. The coefficients in the the latter expansion are well-known to 
be equal to d\ = K\(l), see e.g. (@, page 114). 



9 



This completes the proof of Proposition 4.3 and the proof of Theo 



rem 1.4. □ 



5. Cyclic Calogero-Moser space 

5.1. Consider the action of V = Z/iVZ C C* on the Calogero-Moser space 
C n N- The fixed-point subvariety C^ N consists of various connected com- 
ponents. There is a single component characterized by the property that 
the representation of T in the fiber of tautological bundle at any point in 



this component is a multiple of the regular representation, see [K2|. We 
will call this connected component Cr,n- According to loc. cit., Cr t n is a 
special case of Nakajima's Quiver variety (corresponding to TV-cyclic quiver 
with n-dimensional spaces at all "finite" vertices, 1-dimensional space at an 
"extended" vertex, and a nonzero value of the diagonal moment map). 

We have the natural projection p = (p±,P2) '■ Cr,n —> (A^ 1 ^ x A < £ lN ^) r . 
Note that 

(Af'xAf'f^A^fxfAf'f and (A^) r = « 2 /r)W . 

We let Ap x 2 denote the set on the right of this formula, and view p as a 
projection p = (pi,P2) '■ Cr,n — > Ap"j x A^. The natural C*-action on C h n 

when restricted to Cr,n factors through C* — ► C*, and we will consider 
the resulting C*-action on Cr, n (which is generically free). 

5.2. Wilson's embedding : C n N QnN is T-equi variant, and its image 
lands into a connected component Qr, n C Q^ N characterized by the property 
that the representation of V in the fiber of tautological bundle at any point 
of this component is a multiple of the regular representation (to see the 
inclusion: Cr, n C Qv,n it suffices to check it at any C*-fixed point, e.g. 
A = (nN)). We will denote by : Cr, ra e_ > Qv,n this cyclic version of 
Wilson's embedding, and we will use it to describe the reduced fibers of p2- 
First of all, the action of V on C[z]/(z 2nN ) splits it into a direct sum 
C[z]/(z 2nN ) = xer v C[z]/(z 2nJV ) x of 2n-dimensional eigenspaces ac- 
cording to the characters of T. Note that we can canonically identify T v with 
Z/NZ, and then C[z]/(z 2nN ) x is spanned by {z k , k = X (mod N)}. The 

fiber of Gr,n over nN-0 G (A^^) 1 " is formed by all the raA^-dimensional sub- 
spaces w'c C[z]/(z 2nN ) such that W = xer v W x , W x C C[z]/(z 2nN ) x , 
and dimW^ = n. Thus, this fiber equals n x er v Gr(n, C[z]/(z 2nN ) x ). Each 
space C[z]/(z 2nN ) x carries a natural complete flag (given by the intersections 
with powers of the maximal ideal). Thus, each variety Gr(n, C[z]/(z 2nN ) x ) 
has a natural stratification into Schubert cells numbered by partitions. 

Set «p r (n) := {A x | x G T v , ^ x |A X | = n}, and given A G y$ r (n) put 
Sch A : = ll x Sch A x C n xer v Gr(n,C[z]/(z 2n7V ) x ). Now Wilson's theorem |J 



together with [K2| yield the following. 
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(n) 

Proposit ion. The reduced fiber of Cp.n 

over € A r L is canonically 
isomorphic to U AG fp r ( n ) Scb\. □ 

Corollary, (i) Each component Sch A contains a unique C*-fixed point 
A G C r , n - 

(ii) The reduced fiber of p : Cr, n — * A r "j x ^-r2 over (0)0) coincides with 

<» = Vr(n). ' ' □ 

We will denote by p _1 (0, 0)a the connected component of the scheme the- 
oretic fiber concentrated at the point A, and we will denote by p5~ 2 (0) a the 
connected component of the scheme theoretic fiber concentrated at Sch A ' 2 . 

5.3. We define the Drinfeld compactification Cr, n D Cr,n as closure of 
C r , n inside Qv, n - 

We will need a description of a general fiber of P2 ■ Cr,n — * ^r\- If we 

(n) 

choose a primitive iV-th root of unity ( then a general point y G Ap 2 can 
be represented by a collection 

y = (yiXvu • • • ,( N ~ 1 yi,V2, ■ ■ ■ ,C N ~ 1 V2, ■■■ ,y n ,--- ,C N ~ 1 y n ) 

of distinct points of A 2 . The 2niV-dimensional vector space 
V = C[z]/m£ 1 . . .vx^ N _ ly is acted upon by T, and splits up into a direct 
sum of iV 2n-dimensional eigenspaces V x according to the characters of 
r. We also have a direct sum decomposition V = U\ © . . . © U n where 
Ui = CLzl/m 2 . . . m? N _ 1 . Note that for any i and x the intersection 
Ui D V x is 2-dimensional. We will denote this intersection by UVi tX . 

The fiber of Gr,n over y equals n x er v Gr(n, V" x ). The fiber of 
C n over y is isomorphic to IXl.<t-< n P > ^ us explain how it is em- 
bedded into n x er v Gr(n, V x ). We have a direct sum decomposition 
= ©fcez/Afz C^J/m^ , and the action of T on Ui permutes these 
summands. Hence C[z]/m 2 . projects isomorphically onto any UVi jX . Given 
a line ii G P 1 (C[z]/m 2 .) we denote by l^ x C UVi )X its image under the above 
isomorphic projection. Finally, for a collection (ii) G Ili<i<n P 1 ( ( ^[- z ]/ m y i ) 
the corresponding point of n x er v Gr(n, V x ) is the collection of subspaces 

mk x cv x ). 

5.4. Our aim is to compute the character of C*-action on the Artin ring 
O(p- 1 (0,0) A ), that is, to prove Theorem |1.5| . The proof is entirely similar 
to that of |1.4| . Let us spell out the intermediate steps. First, we define: 

K A (q) ■= (1 - q) ■ ■ ■ (1 - q n ) I^v ( X " • 

Analoguously to Proposition [1^ we obtain 
Proposition. We have: 

chO(Scb 2 A np5" 1 (0) A ) = K A (q) and ch C(Sch A n p 2 1 (0) A ) = KaOT 1 )^ 



Further, an analogue of Proposition |4.3| reads 
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5.5. Proposition, ch 6 1(0)a>a = K^q' 1 ) jT^ (1 - 



To prove this last Proposition we argue, as in [4.4| , that it suffices to 
check if the generic multiplicity m\ of p^ 1 (0)a equals c?a := 1£a(1). To 
this end we turn to the cyclic version of Drinfeld compactification Cp )7l , 
sec 



5.2. A general fiber p^iy) being reduced at the generic point, m\ are 
the coefficients of the cycle class with respect to the Schubert basis 

{[ScPia], A e *Pr(n)} of the degree 2n homology group of IlxGr v Gr n . Our 
description of the general fiber p% (y) in |5.3| boils down to the following. 

Take the diagonal embedding P 1 = A P i <— > n x er v ^x' ^ or eacn X £ T v 
we have an embedding (P x ) n Gr n as in |4.4| . Now form the composition 

(■*)" = (Ap*) B - II xer v( F x) n ^ n xer v Gr(n,F x ). 

The homology class of [Api] in the 2-homology of ri x er v -^x ec l ua l s 
[P x ] , the sum of degree 2 the generators of the homology groups of the 



factors. As in <L4, we conclude that [(A P i) n ] = XLv m A ' [Sc^a] where the 
coefficients m\ equal the coefficients of (^2 X Pi,x) n with respect to the 
basis of Schur functions S\ (here pi jX is the first power sum symmetric 
function in the variables Xj )X , 1 < i < oo, and S\ = Yl x s\ x (xi jX ), 
see jMj, part I, Appendix B.) The latter coefficients are in turn equal to: 
n '/ll X Grv ^a("u) = d\ = K^(l), see loc. cit. (9.6) on page 178. 

This completes the proof of Proposition [5.5| , hence the proof of Theo- 
rem IO|. □ 
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